
Quantum-Circuit Optimization



Native Basis Gate Set
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Rθ
z

CX

SX X

"universal"

IBM

i.e. approximate any computation to arbitrary precision
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and many more...



High-level problem

Given a circuit and optimization objective, output an equivalent circuit 
that minimizes the optimization objective.
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General Approach
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"subcircuit"



Circuit Equivalence
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|0⟩

|1⟩

x
y

Circuits are unitary matrices: U†U = UU† = I

C1 ≡ C2 ⟺ UC1
= UC2

C1 ≡ C2 ⟺ ∃π . UC1
= eiπUC2

"global phase"

Hard for even a quantum computer to verify 

(QMA-Complete)



Subcircuit
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"convex subgraph"
i.e. any path between two vertices in the DAG also in subgraph
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Rewrite Rules
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"peephole optimization"

Program 1 Program 2

rewrite rule

≡

• Optimization: LHS and RHS same gate set 

• Decomposition: LHS higher level than RHS



Simple Rewrite Rules
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H H →

X X →

R4ω
z →

Cancel Merge

Commute

Global Phase



Diverse Hardware
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Superconducting 

 Rz, SX, X, CX≡ Rz, SX, X, CX≡U1, U2, U3, CX

Diverse Hardware

12

U1, U2, U3, CX
 Rz, Rx, SX, X, CZ, Rzz ≡

TopologicalIon Trap

Neutral Atom



Synthesis!
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Arbitrary gate set

Rewrite Rules



circuits = enumerate(max_qubits, max_size) 

if verify(c1, c2): 
rules.append(c1  c2)→

for c1 in circuits: 
for c2 in circuits: 

rules = [] 

Naïve Synthesis
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Circuit Equivalence 
Classes

PolynomialPolynomial
(Symbolic) 

Circuit

Polynomial  
Identity Filter  

(PIF)

Feynman's path integral formulation  

for quantum mechanics

Schwartz-Zippel Lemma for  

polynomial identity testing (PIT)
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QUESO

@ PLDI'23



Algebraically represent semantics of quantum gates 

 Rz(θ) : |x⟩ → ei(2x−1)θ |x⟩

More generally: |x⟩ → φ(x, ϕ) | f(x)⟩
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Path-sum Semantics

CNOT : |x1x2⟩ → |x1(x1 ⊕ x2)⟩



Rz( ) q1;θ ei(2(0)⟺1)θ |0⟩

Circuit Polynomial

17

Simple Circuit as Polynomial



Rz( ) q1;θ e⟺iθ |0⟩

Circuit Polynomial
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Simple Circuit as Polynomial



e⟺iθ |0⟩ + eiθ |1⟩Rz( ) q1;θ

Circuit Polynomial

17

Simple Circuit as Polynomial



How can we check ?p1 ≡ p2

x ∈ ℂ3 p1(x) = x1x2
p2(x) = x1x2 + x3x2

19

Polynomial Identity Testing (PIT)



If , then the probability that  is at most  p1 ≠ p2 p1(α) = p2(α) d
|R |

finite R ⊂ ℂ p1(α) = ρx1
ρx2

p2(α) = ρx1
ρx2

+ ρx3
ρx2

p1(x) = x1x2
p2(x) = x1x2 + x3x2 ρx2 ρx3

ρx1

Check p1(α) = p2(α)

(max total degree)
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Schwartz-Zippel Lemma

small

very large
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p1
p2α

p3

p3(α)p3
p1(α) = p3(α)

Insert

Fixed Random Sample

Equivalence Classes

Polynomial Identity Filter (PIF)



circuits = enumerate(max_qubits, max_size) 

if verify(c1, c2): 
rules.append(c1  c2)→

for c1 in circuits: 
for c2 in circuits: 

rules = [] 

QUESO's Improvements

22

Efficient equivalence check between circuit pairs!

insert into PIF

(advanced symbolic rules)bonus:
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Unitary Synthesis
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Circuit C

Circuit C′ 

Synthesis 
Algorithm

Optimization objective

[
. . . .. . . .. . . .. . . . ]

Unitary UC

Guarantee C ≡ C′ 
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Approximate Circuit Equivalence
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|0⟩

|1⟩

x
y

φ

⊕(UC, UC∈ 
) ℂ φ ⊂ C ≠φ C∈ 



Hilbert-Schmidt Distance
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⊗HS(U, U′ ) := 1 − |Tr(U†U′ ) |2

22n

Upper bound on total variation distance

"easy" to compute

≡



Why Approximate Circuits?
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The hope:  closer to  than UC′ noisy
UC UCnoisy

Circuit C + No noise

Ideal

= UC

Reality

Circuit C + Noise = UCnoisy

Circuit 
C′ ≡α C

 fewer gates than k C

Noise from  gates k > α

FTQC requires 
approximations for 

arbitrary angle rotations



Unitary Synthesis
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Circuit C

[
. . . .. . . .. . . .. . . . ]

Unitary UC

Circuit C′ 

Synthesis 
Algorithm

Optimization objective

Error α

Guarantee C ≡α C′ 



Rich Research Area
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• analytical 

• numerical optimization 

• explicit search

Techniques:



Scheduling Transformations



Scheduling is hard

33

"phase-ordering problem"

In what order to apply???

Circuit 
Transformations = big



Qiskit
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https://docs.quantum.ibm.com/api/qiskit/transpiler#optimization-stage 

https://github.com/Qiskit/qiskit/blob/stable/1.4/qiskit/transpiler/preset_passmanagers/level3.py 

https://docs.quantum.ibm.com/api/qiskit/transpiler#optimization-stage


Qiskit

34

https://docs.quantum.ibm.com/api/qiskit/transpiler#optimization-stage 

https://github.com/Qiskit/qiskit/blob/stable/1.4/qiskit/transpiler/preset_passmanagers/level3.py 

Circuit 
Transformations

Rewrite 
rules

Resynthesis

coarse fixed passes

https://docs.quantum.ibm.com/api/qiskit/transpiler#optimization-stage


BQSKit
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QUEST: systematically approximating quantum circuits for higher output fidelity [Patel et al. 2022] 

https://github.com/BQSKit/bqskit 

Circuit 
Transformations

Resynthesis

https://github.com/BQSKit/bqskit


Quarl
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Quarl: A Learning-Based Quantum Circuit Optimizer [Li et al. 2024]

* requires an NVIDIA A100 GPU ($$$)

Circuit 
Transformations

Rewrite 
rules



1. Randomly pick a transformation. 

2. Randomly pick a subcircuit to transform. 

3. Accept the result if better than current. 
Else, reject with high probability.

GUOQ

37

Circuit 
Transformations

Rewrite 
rules

Resynthesis

ASPLOS talk on April 1st!



1. Randomly pick a transformation. 

2. Randomly pick a subcircuit to transform. 

3. Accept the result if better than current. 
Else, reject with high probability.

GUOQ

37

αtotal ⋅ α + α + α

Resynthesis α

Rewrite rule

Resynthesis α

Resynthesis α

Rewrite rule

Rewrite rule

Rewrite ruleRewrite rule

Circuit 
Transformations

Rewrite 
rules

Resynthesis

ASPLOS talk on April 1st!

Prior work: error bound proof 
limited to disjoint subcircuits

We extended to handle 
arbitrary subcircuits



GUOQ Motivation: Two Disparate Techniques
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Rewrite Rules Circuit Resynthesis

Rω/4
z Rω/4

z Rω/4
z Rω/4

z

specification

Rω
z

synthesis

…

Fast

Limited by # gates

Exact

Slow

Limited by # qubits

Approximate



Unifying Abstract Circuit Transformations
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Circuit C

transformation ϵα : × → ×

Circuit 
C′ ≡α C

rewrite rule

Circuit C
Circuit 
C′ ≡0 C

resynthesis

≡α C



GUOQ Search Exploits Synergy
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Also significantly outperforms state-of-the-art! 

Come to the ASPLOS talk on April 1st!
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!
BQSKit

Qiskit

GUOQ

Quarl

VOQC

Quartz

TKET

QUESO

Eastin-Knill theorem: no transversal universal set 

Clifford + T gate set: {T, T†, S, S†, H, CX}

q2q0

q1q3

Blocked gate
(CNOT q2 q3)

Routed gate
(CNOT q0 q1)

"magic state distillation"
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!
BQSKit

Qiskit

GUOQ

Quarl

VOQC

Quartz

TKET

QUESO

Eastin-Knill theorem: no transversal universal set 

Clifford + T gate set: {T, T†, S, S†, H, CX}

q2q0

q1q3

Blocked gate
(CNOT q2 q3)

Routed gate
(CNOT q0 q1)

"magic state distillation"

Open Research Question


